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Although the recently proposed Weibull process capability indices (PCIs) actually

measure the times that the standard deviation (σx) is within the tolerance specifica-

tions, because they not accurately estimate neither the log‐mean (μx) nor the σx

values, then the actual PCIs are biased. This actually because μx and σx are both esti-

mated without considering the effect that the sample size (n) has over their values.

Hence, μx is subestimated and σx is overestimated. As a response to this issue, in this

paper, μx and σx are estimated in function of n. In particular, the PCIs’ efficiency is

based on the following facts: (1) the derived n value is unique and it completely

determines η, (2) the μx value completely determines the η value, and (3) the σx

value completely determines the β value. Thus, now, since μx and σx are in function

of n and they completely determine β and η, then the proposed PCIs are unbiased,

and they completely represent the analyzed process also. Finally, a step by step

numerical application is given.
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1 | INTRODUCTION

The process capability indices (PCIs) were first formulated
for normal behavior.1 However, because any capable con-
trolled process is subjected to noise factors and products
are more complex and multifunctional, then the process
behavior generally is not normal.2,3 And in particular for
the Weibull distribution, several methods to estimate the
Weibull PCIs have been proposed. Among others, see Chen
and Pearn,4 Tang and Than,5 Chang et al,6 Vännman,7

Albing,8 Shauly,9 and Piña et al.10 Unfortunately, because
none of them “addressed the direct relationships” between
the Weibull β and η parameters with the log‐mean μx and
the log‐standard deviation σx process parameters, then, they
estimated μx and σx by using different approaches. Among
those approaches, the most accurate is the one based on
the Weibull/Gumbel and Gumbel/lognormal relationships
given in Piña et al.10 Regardless of that, because this
wileyonlinelibrary.com/journa
approach did not consider the effect that the sample size
n has over μx and σx, then it always biases the estimated
PCIs. In particular, the bias occurs, (1) because the
Gumbel/lognormal relationship given in Equation 9 Section
2.1, always subestimates μx. The subestimation occurs
because in Equation 9, the Euler constant (γ) is higher than
the corresponding mean (μy) of the response vector Y; and
(2) because the Gumbel/lognormal relationship given in
Equation 10 Section 2.1, always overestimates σx. The over-

estimation occurs because in Equation 10,
ffiffiffi
6

p
=π is higher

than the corresponding standard deviation (σy) of the
response vector Y.

On the other hand, in the proposed method, the bias of the
estimated PCIs is completely eliminated because under mul-
tiple linear regression, the relationships between β and η with
μx and σx are unique, and completely determined (see Section
4, Equations 28 and 30. And because the sample size n used
to estimate μx and σx is also unique and it completely
Copyright © 2017 John Wiley & Sons, Ltd.l/qre 1
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determines η. Thus, the proposed Weibull PCIs, by using μx
and σx, also measure the times that σx is within the specifica-
tions limits. And since μx and σx are both estimated directly
from the Weibull lifetime data, then the method by itself
corrects the bias, and it completely represents the analyzed
process.

The paper structure is as follows: Section 2 gives the gen-
eralities of the Weibull PCIs. Section 3 shows how to esti-
mate the sample size n. Section 4 presents the Weibull and
process relationships. In Section 5, the proposed method is
given. The paper ends in Section 6 with the conclusions.
2 | GENERALITIES OF THE
WEIBULL PCIs

The PCIs are referred as the inherent ability of a process to
produce homogeneous parts for a sustained period under the
given quality conditions. In particular, the PCIs measure the
potential process performance as the times that the process
standard deviation (σ) is within the specification limits. Thus,
because σ depends on both the sample size (n) and on the
mean (μ), then since μ also depends on n, then having an accu-
rate estimation of n is critical to formulate the PCIs. Seeing
that, observe that from a sample n data, σ is estimated as

σ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
n

i¼1
xi−μð Þ2

n−1

vuuut
: (1)

In addition, observe from Equation 2 that the parameter μ
used in Equation 1 also depends on n

μ ¼ 1
n
∑
n

i¼1
xi: (2)

Thus, since both Equations 1 and 2 depend on n, then the
related PCIs also depend on n. On the other hand, the μ and σ
parameters defined in Equations 1 and 2 are the mean and the
standard deviation of the normal distribution. Thus, they are
used in the normal PCIs. The most used normal PCIs are
the process capability (Cp) index given by Juran11 and the
process ability (Cpk) index given by Kane,12 with
Cpk = min(Cpu, Cpl), where USL is the upper specification
limit and LSL is the lower specification limit. Thus, the nor-
mal Cp index is given by

Cp ¼ USL−LSLð Þ
6σ

; (3)

and the normal Cpk index is given by

Cpk ¼ min Cpu;Cpl
� � ¼ min

USL−μ

3σ
;
μ−LSL
3σ

� �
: (4)

On the other hand, although as in the normal case, the
Weibull PCIs given in Piña et al10 where formulated to mea-
sure the times that the log‐standard deviation σx is within the
specification limits, because the used log‐mean μx and σx
values where both estimated without considering the effect
that n has on μx and σx (see Equations 1 and 2, then they
are inefficient. However, since these PCIs are the base of
the proposed process, then in the next section the Weibull/
Gumbel/lognormal relationships on which the PCIs where
formulated are given.
2.1 | Weibull/Gumbel/lognormal PCIs

This section is mainly based on Piña et al10; thus, only the
needed formulas are given. The PCIs were formulated on
the basis of the relationship between the Weibull/Gumbel
parameters (Crowder et al13 Section 2.4 pp 17) given by

μEV ¼ ln ηð Þ; (5)

σEV ¼ 1
β
: (6)

And on the relationships between the Gumbel/lognormal
parameters given by 1 study14 Section 1.3.6.6.16.

μEV ¼ E xð Þ ¼ μx þ γσEV ; (7)

σEV ¼
ffiffiffi
6

p

π
σx: (8)

In Equations 5 and 6, μEV and σEV are the mean and the
standard deviation of the Gumbel (minimum extreme type‐I
value) distribution. And in Equations 7 and 8, μx and σx are
the mean and the standard deviation of the logarithm of the
failure times estimated as in Equations 1 and 2. Finally, from
Equations 7 and 8 (McCool,15 Section 6.7), μx and σx are
given by

μx ¼ μEV −γσEV ; (9)

σx ¼ πffiffiffi
6

p σEV : (10)

In Equation 9, γ is the Euler constant (γ = 0.577216…),
and in Equation 10, π/√6 = 1.28255. Finally, based on Equa-
tions 6 and 10, the Weibull capability index Cp defined in
Equation 3, was formulated as

CpW ¼ ln USLð Þ− ln LSLð Þ½ �ffiffiffi
6

p
πσEV

¼ β ln USLð Þ− ln LSLð Þ½ �ffiffiffi
6

p
π

: (11)

And based on Equations 5, 9, and 10, the Cpk index,
defined in Equation 4 was formulated as

CpkW ¼ min Cpu;Cpl
� � ¼ min

¼ β
ffiffiffi
6

p
ln USLð Þ−bμx½ �

3π
;
β

ffiffiffi
6

p bμx− ln LSLð Þ½ �
3π

� �
:

(12)

Unfortunately, since Equations 7 to 10 do not consider
the effect that n has over μx and σx, then Equations 11 and
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12 biased their estimations. Before to estimate their biased,
we need to determine first the “correct sample size” n to
formulate the proposed unbiased Weibull PCIs.
3 | WEIBULL SAMPLE SIZE n

To formulate n, first, let mention that because the Weibull
distribution is a time‐dependent distribution, then the desired
“lower reliability” index R(t) for a desired time t is the critical
variable to be measured. The reliability function, derived
from the Weibull distribution16 given by

f tð Þ ¼ β

η

t
η

� �β−1

exp −
t
η

� �β
( )

(13)

is given by

R tð Þ ¼ exp −
t
η

� �β
( )

: (14)

On the other hand, from Equation 14, by knowing 3 of
the 4 variables, the last one is completely determined. Thus,
because in Weibull analysis, the lower R(t) and t values are
the customer requirements, and β is selected from engineer-
ing knowledge or historical data, then generally η has to be
determined. For instance, suppose, the customer require-
ments are R(t) = 0.96, t = 1500 hours, and from line base
product (similar products), β = 3, thus by using these values
in Equation 14, the corresponding η value is estimated as

η ¼ 1

− ln R tð Þ½ �1=β
t: (15)

From the above data in Equation 15, η = 4356.388 hours.
As a consequence, the Weibull family, which the PCIs shall
represent is W(3, 4356.388). Therefore, since in Equation 14,
only η is unknown, then it should also be possible to estimate
η on the basis of n. Fortunately, from Equation 15 and Piña
et al,17 the n value that holds with the given R(t), t, and β
values is given by

n ¼ 1
− ln R tð Þ½ � : (16)

Here, it is important to highlight that Equation 16 depends
only on R(t), and although Equation 16 does not depend on t,
β, or η, then once t and β have been already selected, Equa-
tion 16 completely determines η. Thus, n is robust under any
desired (or used) t, β, or η values. Moreover, since n only
depends on R(t), then n is unique for the desired R(t) index,
and as a consequence, n also completely determines μx and
σx. Finally, from Equation 15, η in terms of n is estimated as

η ¼ n1=βt: (17)
Numerically, by using the above data in Equation 16, and
then Equations 16 into 17, η is estimated as
η = (24.496)^(1/3)(1500) = 4356.388 hours. Thus, now
we have the correct n to estimate μx and σx, but to show
how to use it to estimate μx and σx, let first show the
Weibull and process parameters relationships.
4 | WEIBULL AND PROCESS
PARAMETERS RELATIONSHIPS

The Weibull and process parameters relationships are based
on the cumulative Weibull function given by

F tð Þ ¼ 1− exp −
t
η

� �β
( )

(18)

which in linear form is given by

Yi ¼ ln − ln 1−F tið Þ½ �f g ¼ −β ln ηð Þ þ β ln tið Þ
¼ b0 þ βXi; (19)

where F(ti) is estimated by the Benard approximation18,19

given by

F tið Þ ¼ i−0:3
nþ 0:4

: (20)

From Equation 19, β is directly given by its slope, and η is
given by

η ¼ exp
−b0
β

� �
: (21)

On the other hand, the parameters of Equation 19, by
using multiple linear regression, are given by

b0 ¼ Y−βX; (22)

β ¼
∑
n

i¼1
Yi Xi−X
� �

∑
n

i¼1
Xi−X
� �2 ¼ Sxy

Sxx
: (23)

And the related coefficient of multiple correlation (R2) is

R2 ¼
β ∑

n

i¼1
Yi Xi−X
� �

∑
n

i¼1
Yi−Y
� �2 ¼ βSxy

Syy
: (24)

Thus, because β in Equation 24 is given by

β ¼ R2Syy
Sxy

: (25)

Then, by taking from Equation 23 Sxy= βSxx and by
replacing it in Equation 25, β is directly related to σy, σx,
and R, by
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β ¼ Rσy
σx

; (26)

where σx is the standard deviation of the logarithm of the life-
time data, which can be estimated by using Equation 1. And
σy is the standard deviation of the median rank estimation
defined in Equation 20. From a set of data, σy is estimated as

σy ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
n

i¼1
Yi−μy
� �2
n−1

vuuut
: (27)

On the other hand, from Equation 20, we observe that
σy is also in function of n defined in Equation 16. How-
ever, because Equation 16 is unique and it depends only
on R(t), then σy is constant in the analysis. In addition,
observe from Equation 26 that for R = 1, the expected
σx is given by

σx ¼ σy
β
: (28)

Thus, by using Equation 22 into Equation 21, η is
given by

η ¼ exp μx−
μy
β

� �
: (29)

Finally, from Equation 29, μx is given by

μx ¼ ln ηð Þ þ μy
β
: (30)

Summarizing: By comparing Equation 9 from Section
2.1 with Equation 30, we observe that in Equation 9, γ
should represent the mean μy, but because γ is constant
and μy depends on n, then Equation 9 is inefficient to esti-
mate μx. Similarly, by comparing Equation 10 from Section
2.1 with Equation 28, we observe that in Equation 10,ffiffiffi
6

p
=π should represent σy, but because

ffiffiffi
6

p
=π is constant

and σy depends on n, then Equation 10 is also inefficient
to estimate σx. Finally, observe that μx and σx in terms of
n are estimated as in Equations 1 and 2. Thus, since now
we have μx and σx in terms of n, then the proposed PCIs
are as follows.
5 | PROPOSED METHOD

Since the proposed PCIs are based on the logarithm of the
lifetime data, which is asymptotically normal,20,21 then
they are analogous to those of the normal distribution
defined in Equations 3 and 4. The only difference is that
the Weibull PCIs are measured in logarithm scale. The
proposed PCIs are

CpW ¼ USL−LSLð Þ
6σx

; (31)

CpkW ¼ min Cpu;Cpl
� � ¼ min

USL−μx
3σx

;
μx−LSL
3σx

� �
: (32)

In Equations 31 and 32, μx and σx are estimated as in
Equations 28 and 30. And from a set of data they are esti-
mated as in Equations 1 and 2. On the other hand, the USL
and the LSL in Equations 31 and 32 are the logarithm of
the maximum and minimum expected times of the related
Weibull family of the analyzed process (see steps 4 and 5
of Section 5.1). Finally, when in the Weibull analysis, the
time is the variable of interest, because “the higher the time
the better,” then in Equation 32, only the Cpl is used. On
the other hand, when the time is not the variable of interest,
then from Equation 32 can be selected as the Cpk index, the
min(Cpu,Cpl) .The steps to implement the proposed PCIs are
as follows.
5.1 | Steps of the proposed method
Step 1
 Determine the β value, and the R(t) and t require-
ments. Then by using those values in Equation 15,
determine the corresponding η parameter.
Step 2
 By using the β and η parameters of step 1, form the
corresponding Weibull family.
Step 3
 By using the R(t) value of step 1 into Equa-
tion 16, estimate n. Then by using n into Equa-
tion 20 and then Equation 20 into Equation 19,
estimate the corresponding Y vector. And by using
the Y elements in Equations 2 and 27, estimate the
corresponding μy and σy values.
Step 4
 By using the β and η parameter of step 1 and the Yi
elements of step 3 into Equation 19, estimate the
corresponding expected logarithm of the failure
times as

ln tið Þ ¼ Yi

β
þ ln ηð Þ: (34)

From the ln(ti) data of step 4, estimate μx by
Step 5

using Equation 2, and σx by using Equation 1.
Then from the ln(ti) data, select the USL as
the maximum ln(ti) value [USL = ln(tmax)] and
the LSL as the minimum ln(ti) value
[LSL = ln(tmin)]. Observe that μy and σy also
can be estimated by using Equations 28 and 30.
Step 6
 By using data of step 5 into Equations 31 and 32,
estimate the corresponding Cp and Cpl indices.



TABLE 1 Weibull data for R(t) = 0.96, t = 1500 h, β = 3, and η = 4356.388 h

n Yi ln(ti) ti n Yi ln(ti) ti

1 −3.557180 7.193672 1330.98 15 −0.113530 8.341555 4194.61

2 −2.648949 7.496416 1801.57 16 −0.004111 8.378028 4350.42

3 −2.164632 7.657854 2117.21 17 0.105271 8.414489 4511.97

4 −1.827031 7.770388 2369.39 18 0.216016 8.451404 4681.64

5 −1.564383 7.857937 2586.18 19 0.329829 8.489342 4862.66

6 −1.347081 7.930371 2780.46 20 0.448989 8.529061 5059.69

7 −1.159967 7.992743 2959.40 21 0.576870 8.571688 5280.04

8 −0.994199 8.047999 3127.53 22 0.719129 8.619108 5536.45

9 −0.844133 8.098021 3287.95 23 0.886994 8.675063 5855.07

10 −0.705909 8.144095 3442.99 24 1.110293 8.749496 6307.51

11 −0.576736 8.187153 3594.47 24.496598 1.272959 8.803718 6658.96

12 −0.454489 8.227902 3743.97 μy = −0.5143077 μx = 8.2079626

13 −0.337469 8.266909 3892.90 σy = 1.1983030 σx = 0.3994343

14 −0.224243 8.304651 4042.63 Cp = 0.671803 Cpk = 0.846439
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5.2 | Application
Step 1
 Suppose, the customer requirements are
R(t) = 0.96, t = 1500 hours, and from line base
product, β = 3. Thus, from Equation 15,
η = 4356.388 hours
Step 2
 The Weibull family is W(3, 4356.388).

Step 3
 From Equation 16, n = 24.4966parts; from Equa-

tion 2, μy = −0.5143077; and from Equation 27,
σy= 1.1983030. The Yelements are given in Table 1.
Step 4
 The logarithm of the lifetime data is given in
Table 1.
Step 5
 From Equation 2, μx= 8.2079626. From Equation 1,
σx = 0.3994343. And from data of step 4,
USL = ln(tmax) = 8.8037183, LSL = ln(tmin) =
7.1936717.
Step 6
 From Equation 31, the Cp = 0.671803 and from
Equation 32, the Cpk = 0.846439.
On the other hand, by using Equations 9 to 12, we
observe that from Equation 9, μx = 8.186993, and from
Equation 10, σx = 0.427517. Thus, from Equation 11,
Cp = 0.627674 and from Equation 12, Cpk = 0.77449, which
clearly are significantly different from those estimated in step
6. Therefore, because γ > μy (0.577216 > 0.5143077) andffiffiffi
6

p
=π>σy (1.28255 > 1.1983030), then by using Equation 9,

μx was subestimated and by using Equation 10 σx was
overestimated, and as a consequence, the Cp and the Cpk
indices were subestimated also. Finally, it is important to
mention that in contrast to Equations 11 and 12, the indices
defined in Equations 31 and 32 are now sensitive to the sam-
ple size n, and thus, they represent the analyzed process.
As an additional comment, observe that because in the
analysis, both the lognormal and the Weibull distribution
use the logarithm data, then the PCIs defined in Equa-
tions 31 and 32 also works in the lognormal case. The only
difference between both distributions is how the UCL and
LCL values are estimated. And because in both cases the
UCL and LCL values are determined from the maximal
and minimal expected failure time values, then the differ-
ence between the UCL and LCL of both distributions is
only due to the difference between their maximum and min-
imum expected values.
6 | CONCLUSIONS

Clearly, Equations 31 and 32 can be used to estimate the PCIs
for either short or long term. The short or long term depends if
μx and σx represent the process behavior for long or short term.
The proposed PCIs, by incorporating the effect of n over μx
and σx, automatically correct the bias generated on them by

the use of γ > μy in Equation 9 and by the use of
ffiffiffi
6

p
=π>σy

in Equation 10. Even more, since the proposed method
completely determine the PCIs for any β value, or operational
environment, which could be β < 1, β = 1 or β > 1 (see Rine22

Section 2.3), then the proposed method can also be used to
estimate the PCIs from any accelerated lifetime analysis. On
the other hand, note that the estimated PCIs in Equations 31
and 32 are unique for the desired R(t) index, thus, to increase
them, μx has to be increased and/or σx has to be reduced, but
this implies that R(t) also increases. Therefore, for a specific
R(t) index, the PCIs are unique and independent on the used
t, β, and η values. On the other hand, since the estimated μx
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and σx values completely determine η and β, and because μx
and σx directly represents the analyzed process, then μx and
σx should be used to monitoring the process as it is proposed
in Piña.23 Furthermore, since the relations given in Equa-
tions 28 and 30 can be used to estimate the Gumbel parame-
ters in function on n, then Equations 28 and 30 can replace
Equations 9 and 10 in any Gumbel analysis.
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